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Abstract
Following the ideas of D. Doitchinov, a notion of Cauchy sequence in fuzzy quasi-metric spaces
is introduced and used to define a completion for a special class of such spaces.
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1. Introduction
George and Veeramani gave in [3] an interesting notion of fuzzy metric space (X,M,∗)
(which is a slight modification of the one given by Kramosil and Michalek [8]). Recently,
it has been introduced in [7] the concept of fuzzy quasi-metric space that generalizes the
above notion of fuzzy metric space.
A natural problem that arises in this field is to introduce an appropriate notion of com-
pleteness and construct a satisfactory theory of completion of fuzzy quasi-metric spaces.
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quasi-metrics, and then the notion of completeness has to be founded, certainly, on a con-
cept of Cauchy sequence which generalizes the concept of convergent sequence. Then,
a fuzzy quasi-metric space will be called complete if every Cauchy sequence (in some
sense) is convergent. A completion of a fuzzy quasi-metric space X will be a complete
fuzzy quasi-metric space X˜ in which X will be quasi-isometrically (in some sense) em-
bedded as a dense subspace.
It is known that the different notions of Cauchy sequence proposed in [9] for
quasi(-pseudo)-metric spaces (even the usual concept of Cauchy sequence formulated in
metric spaces), present some inconveniences in order to establish an appropriate theory of
completeness and completion for quasi-metric spaces (see, for instance, [1]).
Taking into account the above circumstances, in this paper we give a satisfactory notion
of completeness, and propose a construction of completion of a certain class of T2-fuzzy
quasi-metric spaces, based on the corresponding concepts due to Doitchinov [1], in such
a manner that the following requirements are fulfilled (compare with [1]):
(i) every convergent sequence is a Cauchy sequence;
(ii) when (X,M,∗) is a fuzzy metric space, in the sense of George and Veeramani, the
Cauchy sequences are the usual ones.
Further we will construct a T2-completion (X˜, M˜,∗) for some class of T2-fuzzy quasi-
metric spaces (X,M,∗) such that:
(iii) If (X,M,∗) ⊂ (Y,N, ), then (X˜, M˜,∗) ⊂ (Y˜ , N˜, ), where the inclusions are under-
stood as quasi-metric embeddings and the second one is an extension of the former.
(iv) In the case when (X,M,∗) is a fuzzy metric space, (X˜, M˜,∗) is nothing but the fuzzy
metric completion of (X,M,∗) constructed in [5].
Throughout this paper N will denote the set of positive integers. Our basic reference for
general topology is [2].
2. Preliminaries
Let us recall [11] that a continuous t-norm is a binary operation ∗ : [0,1] × [0,1] →
[0,1] such that ([0,1],,∗) is an ordered Abelian topological monoid with unit 1.
Definition 2.1 [7]. A fuzzy quasi-metric space is an ordered triple (X,M,∗) such that Xis
a (nonempty) set, ∗ is a continuous t-norm and M is a fuzzy set on X × X × ]0,+∞[
satisfying the following conditions, for all x, y, z ∈ X, s, t > 0:
Q1: M(x,y, t) > 0;
Q2: M(x,y, t) = 1 if and only if x = y;
Q3: M(x,y, t) ∗ M(y, z, s)M(x, z, t + s);
Q4: M(x,y, ·) : ]0,+∞[ → ]0,1] is continuous.
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M(x,x, t) = 1 for all x ∈ X and t > 0, and M(x,y, t) < 1 for all x = y and t > 0.
If (X,M,∗) is a fuzzy quasi-metric space, we will say that (M,∗) is a fuzzy quasi-
metric on X. Sometimes, if confusion is not possible we will say that (X,M) is a fuzzy
quasi-metric space, or simply that M is a fuzzy quasi-metric. A fuzzy quasi-metric M is a
fuzzy metric, in the sense of George and Veeramani [3], if M(x,y, t) = M(y,x, t) for all
t > 0.
Frequently we will use the following two well-known facts without mention.
M(x,y, ·) is nondecreasing for all x, y ∈ X.
If r > s we can find t such that r ∗ t > s, where r, s, t ∈ ]0,1[.
Example 2.2. Let (X,d) be a quasi-metric space [2]. Define a ∗b = ab for all a, b ∈ [0,1],
and let Md be the function on X × X × ]0,+∞[ defined by
Md(x, y, t) = t
t + d(x, y) .
Then (X,Md, ·) is a fuzzy quasi-metric space and (Md, ·) is called the (standard) fuzzy
quasi-metric induced by d (see [7,3]).
Some other examples of fuzzy quasi-metrics could be suggested through the study of
fuzzy metrics mentioned in [10].
Every fuzzy quasi-metric M on X generates a T1-topology τM on X which has as a
base the family of open sets of the form {BM(x, r, t): x ∈ X, r ∈ ]0,1[, t > 0}, where
BM(x, r, t) = {y ∈ X: M(x,y, t) > 1 − r} for all r ∈ ]0,1[.
If (X,d) is a quasi-metric space, then the topology generated by d coincides with the
topology τMd generated by the fuzzy quasi-metric (Md,∗).
We say that a topological space (X, τ) admits a compatible fuzzy quasi-metric if there
is a fuzzy quasi-metric M on X such that τ = τM . By the above result it follows that every
quasi-metrizable topological space admits a compatible fuzzy quasi-metric. Conversely, if
(X,M) is a fuzzy quasi-metric space, the family {Un: n ∈ N} where Un = {(x, y) ∈ X ×
X: M(x,y, 1
n
) > 1 − 1
n
} is a countable base for a quasi-uniformity UM on X compatible
with τM [7]. Hence, the topological space (X, τM) is quasi-metrizable [2].
Proposition 2.3. A sequence {xn} in a fuzzy quasi-metric space (X,M) converges to x,
denoted by xn → x, if and only if limn M(x, xn, t) = 1 for all t > 0.
When two sequences {x′m} and {x′′n} are given in a quasi-metric space (X,d) we will
write limm,n d(x′m,x′′n) = r if for any ε > 0 there is an Nε such that |d(x′m,x′′n) − r| < ε
when m,n > Nε . This notation is extended to fuzzy quasi-metric spaces.
Definition 2.4 [1]. A sequence {xn} in the quasi-metric space (X,d) is called a Cauchy
sequence if there exists a sequence {ym} in X such that limm,n d(ym,xn) = 0. In this case,
the sequence {ym} is called a cosequence to {xn}.
As usual, a quasi-metric space is called complete if every Cauchy sequence is conver-
gent.
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space (X∗, d∗) in which (X,d) can be quasi-isometrically embedded as a dense subspace.
A topological space (X, τ) is completely quasi-metrizable if it admits a complete quasi-
metric d , compatible with τ (i.e., the topology τ(d) generated by d coincides with τ ).
Definition 2.6 [1]. A quasi-metric space (X,d) is called balanced, or a B-quasi-metric
space, if d satisfies the following condition:
(B) If {x′n} and {x′′m} are two sequences in (X,d) and x′, x′′ ∈ X, then from d(x′, x′n) 
r ′ for each n, d(x′′m,x′′)  r ′′ for each m, and limm,n d(x′′m,x′n) = 0 it follows that
d(x′, x′′) r ′ + r ′′.
Every quasi-metric d satisfying condition (B) is called balanced or B-quasi-metric. The
class of B-quasi-metric spaces is denoted by B .
The topology induced by a B-quasi-metric is Tychonoff.
Definition 2.7. Two Cauchy sequences {x′n} and {x′′m} in a quasi-metric space (X,d) are
called equivalent, denoted by {x′n} ≡ {x′′m}, if every cosequence to {x′n} is a cosequence
to {x′′m} and conversely. Actually, ≡ is an equivalence relation and in [1] it is proved that{x′n} ≡ {x′′m} if and only if {x′n} and {x′′m} have a common cosequence.
Remark 2.8 (D-Completion of B-quasi-metric spaces [1]). Denote by X∗ the collection
of all equivalence classes of Cauchy sequences in the B-quasi-metric space (X,d), defined
by the above equivalence relation ≡. Let ξ ′, ξ ′′ ∈ X∗, {y′m} be a cosequence to the class ξ ′
and {x′′n} be a Cauchy sequence of the class ξ ′′. Then we let
d∗(ξ ′, ξ ′′) = lim
m,n
d(y′m,x′′n). (1)
In [1] it is shown that this definition is well-defined, and that (X∗, d∗) is a com-
plete B-quasi-metric space. Moreover, the mapping α : (X,d) → (X∗, d∗) defined by
α(x) = {{xn} :xn → x} is a quasi-metric embedding, and (X∗, d∗) is a completion of
(X,d). (X∗, d∗) will be called the D-completion of (X,d), and it satisfies analogous con-
ditions (iii)–(iv) in Section 1.
3. Completeness
Definition 3.1. A sequence {xn} in a fuzzy quasi-metric space (X,M) is called a Cauchy
sequence if there exists a sequence {ym} such that limm,n M(ym,xn, t) = 1 for all t > 0.
Any sequence {ym} which satisfies the above condition with reference to a Cauchy
sequence {xn} will be called cosequence to {xn}.
Definition 3.2. A fuzzy quasi-metric space (X,M) is called complete if every Cauchy
sequence in X is convergent with respect to τM .
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Proposition 3.3. Let (X,M,∗) be a fuzzy quasi-metric space. Then
(i) every convergent sequence is a Cauchy sequence;
(ii) every subsequence of a Cauchy sequence is a Cauchy sequence.
Definition 3.4. A sequence {xn} in a fuzzy metric space is called Cauchy if given ε ∈ ]0,1[
and t > 0 there exists k ∈N such that M(xn, xm, t) > 1 − ε for all m,n > k.
Proposition 3.5. If (X,M) is a fuzzy metric space, then Definitions 3.1 and 3.4 are equiv-
alent.
By (i) of Proposition 3.3 and Proposition 3.5, one observes that requirements (i) and (ii)
in Section 1 are fulfilled.
Proposition 3.6. Let (X,d) be a quasi-metric space and let Md be the fuzzy quasi-metric
induced by d . Then, {xn} is a Cauchy sequence in (X,d) if and only if {xn} is a Cauchy
sequence in (X,Md).
As a consequence of the last proposition, we have the next corollary.
Corollary 3.7. Let (X,d) be a quasi-metric space. Then (X,d) is complete if and only if
(X,Md) is complete.
Theorem 3.8. Let (X,M,∗) be a complete fuzzy quasi-metric space. Then, (X, τM) is
completely quasi-metrizable.
Proof. Consider the quasi-metric d whose quasi-uniformity coincides with the quasi-
uniformity UM generated by {Un: n ∈ N} where Un = {(x, y) ∈ X × X: M(x,y, 1n ) >
1 − 1
n
}. We see that the quasi-metric d is complete. Indeed, let {xn} be a Cauchy sequence
in (X,d) and let {ym} be a cosequence to {xn}. Let t > 0 and r ∈ ]0,1[, and choose k ∈N
such that 1
k
min{r, t}. By assumption, limm,n d(ym,xn) = 0, so there exists n0 ∈ N such
that (ym, xn) ∈ Uk for all m,n > n0. Consequently, for each m,n n0
M(ym,xn, t)M
(
ym,xn,
1
k
)
> 1 − 1
k
> 1 − r.
Therefore limm,n M(ym,xn, t) = 1 for all t > 0, so {xn} is a Cauchy sequence in the
complete fuzzy quasi-metric space (X,M), hence it is convergent, then d is a complete
quasi-metric on X. 
Corollary 3.9. A topological space is completely quasi-metrizable if and only if it admits
a compatible complete fuzzy quasi-metric.
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a complete quasi-metric on X compatible with τ . By Corollary 3.7 the fuzzy metric Md
induced by d is complete, and it is compatible with τ .
The converse follows from the above theorem. 
Next definitions are accorded with [5,6]:
Definition 3.10. Let (X,M,∗) and (Y,N, ) be fuzzy quasi-metric spaces.Then
(a) A mapping f from X to Y is called a quasi-isometry if for x, y ∈ X and each t > 0,
M(x,y, t) = N(f (x), f (y), t);
(b) (X,M,∗) and (Y,N, ) are called quasi-isometric if there is a quasi-isometry from X
onto Y .
When M and N are fuzzy metrics, f is called an isometry, and X and Y are called
isometrics.
Notice that, as in the classical metric case, every quasi-isometry f in the sense of De-
finition 3.10(a), is one-to-one, and if {xn} is a Cauchy sequence (respectively, {ym} is a
cosequence to {xn}) in X, then {f (xn)} is a Cauchy sequence (respectively, {f (ym)} is
a cosequence to {f (xn)}) in Y .
Definition 3.11. Let (X,M,∗) be a fuzzy quasi-metric space. A fuzzy quasi-metric com-
pletion of (X,M,∗) is a complete fuzzy quasi-metric space (Y,N, ) such that (X,M,∗)
is quasi-isometric to a dense subspace of Y .
Definition 3.12. A fuzzy quasi-metric space (X,M,∗) is called completable if it admits
a fuzzy quasi-metric completion.
In analogous way, using Definition 3.4, is defined a fuzzy metric completion of a
fuzzy metric space, and a completable fuzzy metric space. Next results concern these con-
cepts [7]:
Theorem 3.13. A fuzzy metric space (X,M,∗) is completable if and only if for every
Cauchy sequences {an} and {bn} the following conditions are satisfied:
(C1) t → limn M(an, bn, t) is a continuous function on ]0,+∞[ with values in ]0,1];
(C2) if limn M(an, bn, s) = 1 for some s > 0 then limn M(an, bn, t) = 1 for all t > 0.
Remark 3.14 (Fuzzy metric completion). In [6] a completion (X˜,N, ) of (X,M,∗)
is constructed under conditions of Theorem 3.13, as follows. Two Cauchy sequences
{an}, {bn} in X, are called equivalent, denoted by {an} ∼ {bn} if limn M(an, bn, t) = 1
for all t > 0. Denote by X˜ the collection of all equivalence classes of Cauchy sequences
in (X,M), given by the equivalence relation ∼. In [6] it is proved that the fuzzy set
N : X˜ × X˜ × ]0,+∞[ → ]0,1] defined by N(a˜, b˜, t) = limn M(an, bn, t) where {an} ∈ a˜
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a dense subset.
4. Completion
Definition 4.1. Let (X,M,∗) be a fuzzy quasi-metric space. The fuzzy quasi-metric M is
called balanced or a BF -quasi-metric if it satisfies the following condition:
(BF) If {x′n} and {x′′m} are sequences in (X,M) and x′, x′′ ∈ X, t1, t2 > 0, then from
M(x′, x′n, t1)  r ′ for each n, M(x′′m,x′′, t2)  r ′′ for each m, and
limm,n M(x′′m,x′n, t) = 1 for all t > 0 it follows that M(x′, x′′, t1 + t2) r ′ ∗ r ′′.
The fuzzy quasi-metric spaces with balanced fuzzy quasi-metrics will be called bal-
anced fuzzy quasi-metric spaces or BF -quasi-metric spaces and their class will be denoted
by BF .
Proposition 4.2. Let (X,d) be a quasi-metric space and Md the fuzzy quasi-metric induced
by d . Then d is a B-quasi-metric if and only if Md is a BF -quasi-metric.
Proof. Let d be a B-quasi-metric, x′, x′′ ∈ X, t1, t2 > 0. Suppose that the sequences {x′n}
and {x′′m} satisfy Md(x′, x′n, t1)  r ′ for each n, Md(x′′m,x′′, t2)  r ′′ for each m, and
limm,n Md(x′′m,x′n, t) = 1 for all t > 0. We have d(x′, x′n) = t1( 1Md(x′,x′n,t1) −1) t1(
1
r ′ −1)
and analogously d(x′′m,x′′) t2( 1r ′′ − 1).
Now, for t > 0 we have limm,n Md(x′′m,x′n, t) = limm,n tt+d(x′′m,x′n) = 1, so
limm,n d(x′′m,x′n) = 0. Since d is a B-quasi-metric we have d(x′, x′′)  t1( 1r ′ − 1)+
t2(
1
r ′′ − 1). Now, with an easy computation we have
Md(x
′, x′′, t1 + t2) = t1 + t2
(t1 + t2) + d(x′, x′′)
 t1 + t2
(t1 + t2) + t1( 1r ′ − 1) + t2( 1r ′′ − 1)
 r ′r ′.
Conversely, suppose Md is a BF -quasi-metric and that d(x′, x′n)  r ′ for each n,
d(x′′m,x′′) r ′′ for each m, and limm,n d(x′′m,x′n) = 0. Fix s > 0. We have Md(x′, x′n, s) =
s
s+d(x′,x′n) 
s
s+r ′ and analogously Md(x
′′
m,x
′′, s) s
s+r ′′ .
Also, limm,n Md(x′′m,x′n, t) = limm,n tt+d(x′′m,x′n) = 1 for all t > 0. Then, since Md is
BF -quasi-metric, with an easy computation we have
d(x′, x′′) = 2s
(
1
Md(x′, x′′,2s)
− 1
)
 2s
(
1
s
s+r ′ · ss+r ′′
− 1
)
 r ′ + r ′′. 
Proposition 4.3. Every fuzzy metric is balanced.
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M(x′, x′n, t1) r ′ for each n, M(x′′m,x′′, t2) r ′′ for each m, and limm,n M(x′′m,x′n, t) = 1
for all t > 0. Now, for an arbitrary δ > 0 we have M(x′, x′′, t1 + t2 + δ)M(x′, x′n, t1) ∗
M(x′n, x′′m, δ) ∗ M(x′′m,x′′, t2)  r ′ ∗ M(x′n, x′′m, δ) ∗ r ′′. Then M(x′, x′′, t1 + t2 + δ) 
r ′ ∗ r ′′ ∗ limm,n M(x′n, x′′m, δ) = r ′ ∗ r ′′, and by the continuity axiom Q4, we have M(x′, x′′,
t1 + t2) r ′ ∗ r ′′, since δ is arbitrary. 
By the last proposition the class of all fuzzy metric spaces is a subclass of the class
BF . On the other hand, by Proposition 4.2, and from [4] and [7], there exist nonfuzzy-
metrizable fuzzy quasi-metric spaces belonging to the class BF (compare with [1, p. 134]).
We omit the proof of the next lemma.
Lemma 4.4. Let t0 > 0. For a BF -quasi-metric M we have:
• if limn M(x, xn, t) = 1 for all t > 0 and M(y,xn, t0) r for n ∈N, then
M(y,x, t0) r; (2)
• if limn M(xn, x, t) = 1 for all t > 0 and M(xn, y, t0) r for n ∈N, then
M(x,y, t0) r; (3)
• if limn M(x, xn, t) = 1 for all t > 0 and limn M(y, xn, t0) = 1, then
x = y; (4)
• if limn M(xn, x, t) = 1 for all t > 0 and limn M(xn, y, t0) = 1, then
x = y; (5)
• if limn M(xn, x, t) = 1 for all t > 0, limn M(y, ym, t) = 1 for all t > 0 and
M(xn, ym, t0) r for m,n ∈N then M(x,y, t0) r. (6)
From Proposition 2.3 and assertion (4) we deduce the following corollary.
Corollary 4.5. Every BF -quasi-metric is a T2-fuzzy-quasi-metric.
Lemma 4.6. For a BF -quasi-metric (M,∗) we have:
if limn M(xn, x, t) = 1 for all t > 0 and limm M(y,ym, t) = 1 for all t > 0 then
lim
m,n
M(xn, ym, t) = M(x,y, t) for all t > 0. (7)
Proof. Let t > 0 and 0 < ε < M(x,y, t). Take ε′ ∈ [0,1[ such that M(x,y, t) − ε <
M(x,y, t) ∗ ε′ and choose ε1 ∈ ]0,1[ such that ε1 ∗ ε1 ∗ ε1 > ε′.
By the continuity axiom Q4 we can find a positive δ < t2 such that M(x,y, t − 2δ) >
M(x,y, t) ∗ ε1. Now, because of the inequality M(xn, ym, t)  M(xn, x, δ) ∗ M(x,y,
t −2δ)∗M(y,ym, δ) there is an N ′ ∈N such that M(xn, ym, t) ε1 ∗M(x,y, t)∗ε1 ∗ε1 >
M(x,y, t) ∗ ε′ > M(x,y, t) − ε for m,n > N ′.
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s, where {xnk } and {yms } are subsequences of the sequences {xn} and {ym}, respectively,
then it follows from (6) that M(x,y, t)M(x,y, t) + ε, a contradiction. Therefore there
exists an N ′′ ∈ N such that M(xn, ym, t) < M(x,y, t) + ε for n,m > N ′′. Consequently,
we have limn,m M(xn, ym, t) = M(x,y, t). 
By means of (7) one gets immediately the following.
Corollary 4.7. For any BF -quasi-metric M we have:
• if limn M(xn, x, t) = 1 for all t > 0 then
lim
n
M(xn, y, t) = M(x,y, t) for any y ∈ X, t > 0; (8)
• if limn M(x, xn, t) = 1 for all t > 0 then
lim
n
M(y, xn, t) = M(y,x, t) for any y ∈ X, t > 0. (9)
Proposition 4.8. Every BF -quasi-metrizable topological space is completely regular.
Proof. Let A be a closed subset of the BF -quasi-metric space (X,M) and take x /∈ A.
For t > 0, put M(x,A, t) = sup{M(x,a, t): a ∈ A}. We claim that for some t > 0,
M(x,A, t) < 1. Indeed, given r ∈ ]0,1[ and s > 0, consider the open ball BM(x, r, s).
If we suppose that M(x,A, t) = 1 for all t > 0, then M(x,a, s) > 1 − r for some a ∈ A,
i.e. a ∈ BM(x, r, s) and therefore x ∈ cl(A) = A, contradiction.
Assertion (9) yields that the mapping Mxt :X → [0,1] defined by Mxt(y) = M(x,y, t)
is continuous. Now, take t > 0 such that M(x,A, t) = k < 1 and define the map-
ping f :X → [k,1] by f (y) = max{Mxt(y), k}. Clearly f is continuous, f (A) = k and
f (x) = 1. Now, consider the continuous function g : [k,1] → [0,1] given by g(z) = z−1
k−1 .
The composition F = g ◦ f is continuous on X, with values in [0,1] and such that
F(A) = 1 and F(x) = 0. 
Next we introduce an equivalence relation on (X,M).
Definition 4.9. Two Cauchy sequences {x′n} and {x′′m} in a BF -quasi-metric space
(X,M,∗) are called equivalent, denoted by {x′n} ≈ {x′′m}, if every cosequence to {x′n} is
a cosequence to {x′′m} and conversely. Equivalently (is left to the reader to show that):
{x′n} ≈ {x′′m} if and only if {x′n} and {x′′m} have a common cosequence.
This result allows us to speak of cosequences to an equivalence class of Cauchy se-
quences (instead of cosequences to a Cauchy sequence). Now, one can obtain immediately:
Proposition 4.10. Every Cauchy sequence is equivalent to any of its subsequences.
Lemma 4.11. Let M be a BF -quasi-metric, and let xn → x. Then {ym} is a cosequence to
{xn} if and only if limm M(ym,x, t) = 1 for all t > 0.
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N such that M(ym,xn, t) > 1 − ε for m,n > N . Let us fix an m larger that N . Since
limn M(x, xn, t) = 1 for all t > 0, it follows from (2) that M(ym,x, t)  1 − ε for
m,n > N .
Conversely, the inequality M(ym,xn, t)  M(ym,x, t2 ) ∗ M(x,xn, t2 ) implies that
limm,n M(ym,xn, t) = 1 for all t > 0. 
From the above lemma and assertion (3) we obtain the next proposition.
Proposition 4.12. Let M be a BF -quasi-metric. If {x′n} and {x′′m} are two equivalent
Cauchy sequences and x′n → x, then x′′n → x.
Definition 4.9 and Proposition 4.12 yield:
Proposition 4.13. The collection of all sequences convergent to a point x ∈ X forms an
equivalence class of Cauchy sequences.
Since there are fuzzy metric spaces which do not admit completion [5,6], we will restrict
our study to some class of BF -quasi-metric spaces (accordingly to [6]).
Definition 4.14. The BF -quasi-metric space (X,M,∗) is called nice if for any cosequence
{ym} (to some Cauchy sequence) and any Cauchy sequence {xn}, the following two condi-
tions are satisfied:
(N1) t → limm,n M(ym,xn, t) is a continuous function on ]0,+∞[ with values in ]0,1].
(N2) If limm,n M(ym,xn, s) = 1 for some s > 0 then limm,n M(ym,xn, t) = 1 for all t > 0
(i.e., {ym} is a cosequence to {xn}).
Now let X˜ denote the collection of all equivalence classes of Cauchy sequences in a
given nice space (X,M). We will construct a fuzzy quasi-metric M˜ on X˜ by means of the
following definition.
Definition 4.15. Suppose (X,M) is a nice space. Let ξ ′, ξ ′′ ∈ X˜, {y′m} be a cosequence to
the class ξ ′ and {x′′n} be a Cauchy sequence of the class ξ ′′. We let
M˜(ξ ′, ξ ′′, t) = lim
m,n
M(y′m,x′′n, t) for t > 0.
It is left to the reader the verification that M˜ is well-defined and that (X˜, M˜,∗) is a fuzzy
quasi-metric space.
With the above terminology we obtain immediately:
Proposition 4.16. Let (X,M) be a nice space. The mapping α :X → X˜ defined by
α(x) = {{xn} :xn → x} (10)
for all x ∈ X, is a quasi-isometry from (X,M) into (X˜, M˜).
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Proposition 4.17. Let (X,M) be a nice space. For any ξ ∈ X˜:
(a) {xn} ∈ ξ if and only if limn M˜(ξ,α(xn), t) = 1 for all t > 0.
(b) {ym} is a cosequence to the class ξ if and only if limm M˜(α(ym), ξ, t) = 1 for all t > 0.
Notice that (a) of Proposition 4.17 implies that α(X) is dense in X˜.
Proposition 4.18. If (X,M) is nice, then M˜ is balanced.
Proof. Let ξ ′, ξ ′′ ∈ X˜, t1, t2 > 0 and {ξ ′n} and {ξ ′′m} be two sequences in X˜ such that
M˜(ξ ′, ξ ′n, t1)  r1 for n ∈ N, M˜(ξ ′′m, ξ ′′, t2)  r2 for m ∈ N and limm,n M˜(ξ ′′m, ξ ′n, t) = 1
for all t > 0.
Suppose that, for n ∈ N, {xnp: p ∈ N} is a Cauchy sequence of the class ξ ′n and, for
m ∈ N, {ymq : q ∈ N} is a cosequence to the class ξ ′′m. Let δ > 0. Now by (a) of Proposi-
tion 4.17, for any natural number n there exists an xnpn = xn such that M˜(ξ ′n,α(xn), δ) >
1 − 1
n
.
Analogously by (b) of Proposition 4.17, for any m ∈ ]0,1[ one finds a ymqm = ym such
that M˜(α(ym), ξ ′′m, δ) > 1 − 1n .
Then, for t > 0 we have
M(ym,xn, t) = M˜
(
α(ym),α(xn), t
)
 M˜
(
α(ym), ξ
′′
m, δ
) ∗ M˜(ξ ′′m, ξ ′n, t − 2δ) ∗ M˜(ξ ′n,α(xn), δ)
hence
lim
m,n
M(ym,xn, t) = 1 for all t > 0. (11)
Fix a cosequence {y′k} to the class ξ ′ and a Cauchy sequence {x′′s } of the class ξ ′′. For
t1 > 0 we have
M(y′k, xn, t1 + 2δ) = M˜
(
α(y′k), α(xn), t1 + 2δ
)
 M˜
(
α(y′k), ξ ′, δ
) ∗ M˜(ξ ′, ξ ′n, t1) ∗ M˜(ξ ′n,α(xn), δ)
 M˜
(
α(y′k), ξ ′, δ
) ∗ r1 ∗
(
1 − 1
n
)
.
Let ε ∈ ]0,1[ and choose ε′ ∈ [0,1[ such that ε′ ∗ ε′ > ε.
Since, by (b) of Proposition 4.17, limk M˜(α(y′k, ξ ′, t) = 1 for all t > 0, there is an N ′1
such that M(y′k, xn, t1 + 2δ) > r1 ∗ ε′ for k,n > N ′1.
Now, by the continuity axiom Q4, and since δ is arbitrary there is an N1 such that
M(y′k, xn, t1) r1 ∗ ε′ for k,n > N1. (12)
Analogously, there is an N2 such that
M(ym,x
′′
s , t2) r2 ∗ ε′ for m,s > N2. (13)
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yield M(y′k, x′′s , t1 + t2) r1 ∗ ε′ ∗ r2 ∗ ε′  r1 ∗ r2 ∗ ε for k, s > N = max{N1,N2}. Hence
M˜(ξ ′, ξ ′′, t1 + t2) r1 ∗ r2. 
Corollary 4.19. M˜ possesses the properties (2)–(9).
Theorem 4.20. Let (X,M,∗) be a nice space. Then the fuzzy quasi-metric space (X˜, M˜,∗)
is complete.
Proof. Let {ξn} be a Cauchy sequence in the BF -quasi-metric space (X˜, M˜,∗) and {ηn} be
a cosequence to {ξn}. For each n let {xni : i ∈N} be a sequence in (X,M) belonging to the
class ξn and, for each m, let {ymj : j ∈N} be a cosequence to the class ηn. For every n ∈N
there exists, according to Proposition 4.17 (assertion (a)), an in such that M˜(ξn,α(xni ), t) >
1− 1
n
for i  in. Analogously for every m there is a jm such that M˜(α(ymj ), ηm, t) > 1− 1m
for j  jm.
Let xn = xnin and ym = ymjm . It is easy to verify that {xn} is a Cauchy sequence in the
space (X,M,∗) and {ym} is a cosequence to {xn}. Let ξ be the equivalence class containing
{xn}. We will show that ξn → ξ in the space (X˜, M˜,∗). For this purpose we first observe
that, for t > 0,
M
(
ym,x
n
i , t
)= M˜(α(ym),α(xni ), t)
 M˜
(
α(ym), ηm,
t
3
)
∗ M˜
(
ηm, ξn,
t
3
)
∗ M˜
(
ξn,α
(
xni
)
,
t
3
)
>
(
1 − 1
m
)
∗ M˜
(
ηm, ξn,
t
3
)
∗
(
1 − 1
n
)
(14)
for i  in. It is now easy to verify that M(ym,xni , t) = 1 for all t > 0. Consequently
limn M˜(ξ, ξn, t) = 1 for all t > 0, i.e. ξn → x, and (X˜, M˜) is complete. 
Propositions 4.16 and 4.17 yield that (X˜, M˜) is a completion of (X,M).
In the sequel the completion (X˜, M˜) constructed above will be called Doitchinov fuzzy
completion or DF -completion of the nice space (X,M,∗).
An obvious statement is given by the following proposition.
Proposition 4.21. If the BF -quasi-metric space (X,M) is complete, then it coincides (up
to a quasi-isometry) with its DF -completion.
From the point of view of the purpose posed in the beginning, the following two results
are important.
Proposition 4.22. If (X,M,∗) is a nice fuzzy metric space, then its DF -completion (X˜, M˜)
coincides with the fuzzy metric completion of (X,M) constructed in [6].
Proof. First notice that conditions (C1) and (C2) of Theorem 3.13 are satisfied, since in
a fuzzy metric space, every Cauchy sequence is a cosequence to itself and conversely.
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Cauchy in the sense of George and Veeramani if and only if {xn} is Cauchy in the sense of
Definition 3.1. Moreover it is easy to verify that the equivalence relation ≈ introduced in
Definition 4.9 is exactly the equivalence relation ∼ defined in Remark 3.14. Consequently,
the collections of equivalence classes of Cauchy sequences in both senses, coincide, and
we denote it by X˜.
Finally, the fuzzy metric N defined in Remark 3.14 agrees with the fuzzy quasi-metric
M˜ (Definition 4.15) defined in the DF -completion of (X,M), since in a fuzzy metric space
every Cauchy sequence is a cosequence to itself and conversely. 
So requirement (iv) in Section 1 is fulfilled.
We omit the proof of the next proposition.
Proposition 4.23. Let (X,M,∗) and (Y,N, ) be two BF -quasi-metric spaces. If (X,M)
is nice and (Y,N) is complete and (X,M) ⊂ (Y,N) then (X˜, M˜) ⊂ (Y,N). (Here (X˜, M˜)
is the DF -completion of (X,M) and the inclusions are understood as quasi-metric em-
beddings, the second one being an extension of the former.) In particular, for any DF -
completion (X′,N ′) of (X,M) we have (X˜, M˜) ⊂ (X′,N ′).
Corollary 4.24. If (X,M) and (Y,N) are nice fuzzy quasi-metric spaces and (X,M) ⊂
(Y,N) then for their DF -completions we have (X˜, M˜) ⊂ (Y˜ , N˜) (both inclusions under-
stood as quasi-metric embeddings).
Thus the requirement (iii) in Section 1 is also fulfilled and thereby the program sketched
in the beginning is carried out.
We omit the easy proof of the next lemma which completes Proposition 3.6.
Lemma 4.25. Let (X,d) be a B-quasi-metric space, and Md the fuzzy quasi-metric in-
duced by d . Then
(i) {yn} is a cosequence to the d-Cauchy sequence {xn} if and only if it is a cosequence to
the Md -Cauchy sequence {xn}.
(ii) The collections, X∗ and X˜, of all equivalence classes of Cauchy sequences in (X,d)
and (X,Md), defined by ≡ and ≈, respectively, agree.
Theorem 4.26. Let (X,d) be a B-quasi-metric space. Then the fuzzy quasi-metric space
(X,Md) induced by d admits a DF -completion. Moreover, the DF -completion (X˜, M˜d)
of (X,Md) is the fuzzy quasi-metric space (X∗,Md∗) induced by d∗. (Here, (X∗, d∗) is the
D-completion of (X,d) constructed in Remark 2.8).
Proof. Let (X,d) be a B-quasi-metric space and let (X∗, d∗) be its D-completion. By
Proposition 4.2 the fuzzy quasi-metric Md is balanced. We claim that Md is nice.
Indeed, let{ym} and {xn} be a cosequence and a Cauchy sequence, respectively, in
(X,Md). By Lemma 4.25 there exist ξ, ξ ′ ∈ X∗ such that {ym} is a cosequence to the
class ξ , and {xn} is a d-Cauchy sequence of the class ξ ′. Then, by (1), limm,n d(ym,xn) =
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t → limm,n Md(ym,xn, t) is a continuous function, and (N1) is satisfied.
On the other hand, suppose that limm,n Md(ym,xn, s) = 1 for some s > 0. Then
limm,n ss+d(ym,xn) = 1, so limm,n d(ym,xn) = 0 and therefore limm,n Md(ym,xn, t) = 1 for
all t > 0. So {ym} is a cosequence to {xn} and (N2) is satisfied.
Hence, we can consider the DF -completion (X˜, M˜d) of (X,Md). (Notice that by pre-
vious lemma, X˜ agrees with X∗.) Let ξ, ξ ′ ∈ X˜ and let {ym} be a cosequence to the
class ξ , and {xn} an Md -Cauchy sequence of ξ ′. Then by Definition 4.15, M˜d(ξ, ξ ′, t) =
limm,n Md(ym,xn, t) = tt+limm,n d(ym,xn) = tt+d∗(ξ,ξ ′) = Md∗(ξ, ξ ′, t) for all t > 0, and
hence M˜d = Md∗ . 
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